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In the framework of strong-coupling formalism, we have calculated the thermodynamic parame-
ters of superconducting state in the YB6 compound. The values of critical temperature (TC) are
9.5 K and 7.9 K for the Coulomb pseudopotential µ⋆ = 0.1 and 0.2, respectively. In the paper, we
have determined the low temperature values of order parameter (∆(0)), specific heat jump at the
critical temperature (∆C(TC)), and thermodynamic critical field (HC(0)). The dimensionless ther-
modynamic ratios: R∆ = 2∆ (0) /kBTC , RC = ∆C (TC) /C
N (TC), and RH = TCC
N (TC) /H
2
C (0)
are equal to: R∆ (µ
⋆) ∈ {4.48, 4.35}, RC (µ
⋆) ∈ {2.62, 2.55}, and RH (µ
⋆) ∈ {0.146, 0.157}. Due to
the significant strong-coupling and retardation effects (kBTC/ωln ∼ 0.1) those values highly deviate
from the predictions of BCS theory.
PACS: 74.20.Fg, 74.25.Bt, 74.62.Fj
Keywords: YB6 superconductor, Eliashberg formalism,
Thermodynamic properties, Strong-coupling and retar-
dation effects.
I. INTRODUCTION
The discovery of superconductivity in the MgB2 com-
pound (TC ∼ 39 K) [1] contributed to the increasing in-
terest on other borides. The studies conducted over the
group of general formula MB6, where the symbol M de-
notes one of metals - Y, La, Th or Nd [2, 3], allowed
to claim that the yttrium boride reaches the second in
value of critical temperature (TC ∼ 8.4 K) [4]. It should
be emphasized that YB6 belongs to the family of type
II superconductors. The yttrium hexaboride crystallizes
in the body-centered-cubic CaB6-type structure with the
space group of Pm3m, where the B6 molecule has the oc-
tahedral structure [4]. The distances between the atoms
of yttrium and boron are relatively large (3.01 A˚) [5, 6].
Historically, the first experimental result for YB6
comes from 1968, whereas TC ∼ 7.1 K [7]. It was fully
confirmed by Lortz et al. [8], where the single crystals of
high quality were used. In particular, the critical temper-
ature was determined with the help of the four different
methods: the resistivity in zero field (TC ∼ 7.2 K), the
AC susceptibility at 8 kHz (TC ∼ 7.24 K), the Meissner
magnetization at 2.7 Oe (TC ∼ 7.13 K), and the specific
heat jump in zero field (TC ∼ 7.15 K). The average value
of critical temperature for the four presented series is
equal to ∼ 7.2 K. It is worth mentioning that Lortz et al.
also studied two other crystals, obtaining TC from 6.5 K
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to 7.6 K, dependent on boron concentration. The higher
value of critical temperature corresponds the lesser boron
concentration, which has been confirmed by the literature
data [9]. In turn, in the paper [10] the single crystal and
µSR method were taken under consideration. The ob-
served critical temperature in the determination of mag-
netic susceptibility and upper critical field was ∼ 6.95 K.
So far, the highest value of TC ∼ 8.4 K was obtained
by the splat-cooling of the arc-melted samples with the
nominal composition [11].
In order to understand the mechanism of induction
of the superconducting state in yttrium boride and the
possibilities of its potential uses, the lot of theoretical
and experimental studies were conducted [3, 8, 10, 12–
15]. The results allowed to draw the conclusion that
the soft phonon modes of value equal to 7.5 meV, which
come from yttrium atoms closed in the octahedral sys-
tem of boron atoms make the biggest contribution to the
electron-phonon coupling [8, 12, 14]. However, the re-
sults included in the theoretical paper [16] suggest that
the main contribution to the electron-phonon coupling
constant should be connected with the boron vibrations.
For comparison, in ZrB12 compound those interactions
posses the energies of the order 15 meV [5], in MgB2 of
the order of 60 meV [17].
In the theoretical paper [14], the values of TC at zero
pressure were obtained in the range from 6.2 K to 8.9 K,
which fairly enough corresponds with the experimental
data [7, 8]. Also, the evident negative effect of pressure
on the superconducting properties was found. For ex-
ample, the increase of pressure in the range from 0 to
40 GPa causes the fall of electron-phonon coupling con-
stant from 1.44 to 0.44, which corresponds to the decrease
of the critical temperature from 8.9 K to 1.9 K. The the-
oretical results were partly confirmed experimentally by
Khasanov et al. [15], where the fall of critical temper-
2ature from 6.6 K to 6.1 K for the pressure from 0 to
0.92 GPa was observed. The influence of pressure on the
superconducting properties of two single samples of the
yttrium boride (TC ∼ 7.5 K and TC ∼ 5.9 K), created
in the atmosphere of argon at the pressure of 10−4 GPa,
was studied in [4]. The obtained results coincide with
the data observed by Lortz et al. [8].
In the presented work, we examined the most impor-
tant thermodynamic properties of the superconducting
state in YB6 compound. To our knowledge, such an
analysis has never been presented in the literature on
the subject. The obtained results turned out to be in-
teresting due to the fact that despite the low value of
TC the other thermodynamic parameters strongly differ
from the predictions of the classic BCS theory [18, 19].
II. FORMALISM
Superconducting state in the YB6 compound is in-
duced by the strong electron-phonon interaction. In
particular, the electron-phonon coupling constant λ
equals 1.4, where λ = 2
∫ +∞
0 α
2F (ω) dω/ω. The sym-
bol α2F (ω) denotes the Eliashberg function, which was
determined by Xu et al. [14], with the use of pseudopo-
tential plane-wave method (Quantum-Espresso package)
[20–22]. From the physical side, the Eliashberg function
models the linear electron-phonon interaction in a quanti-
tative way. However, it does not contain any information
about the electron correlations occurring in the studied
system.
Due to the high value of the electron-phonon coupling
constant, the properties of the superconducting state in
YB6 were characterized in the framework of the Eliash-
berg equations defined on the imaginary axis and in the
mixed representation [23–25]. On the imaginary axis, the
Eliashberg equations take the following form:
ϕn =
pi
β
M∑
m=−M
K (iωn − iωm)− µ
⋆θ (ωc − |ωm|)√
ω2mZ
2
m + ϕ
2
m
ϕm,
(1)
and
Zn = 1+
1
ωn
pi
β
M∑
m=−M
K (iωn − iωm)√
ω2mZ
2
m + ϕ
2
m
ωmZm. (2)
The order parameter is defined by the ratio: ∆n =
ϕn/Zn, where ϕn = ϕ (iωn) denotes the order param-
eter’s function, and Zn = Z (iωn) is the wave function
renormalization factor. The symbol ωn is the fermion
Matsubara frequency: ωn = pi/β (2n− 1), while β =
(kBT )
−1
, and kB is the Boltzmann constant. In contrast
to the standard BCS model, the order parameter in the
Eliashberg formalism explicitly depends on the energy,
which means that the theory considers the retardation of
the pairing interaction. In addition, the renormalization
of the value of ϕn by Zn is the typical strong-coupling
effect: Zn=1 ≃ 1 + λ [23].
The electron-phonon interaction determines di-
rectly the values of pairing kernel: K (z) =
2
∫+∞
0 dω
ω
ω2−z2
α2F (ω). It is worth noting that
the form of the pairing kernel is not universal. In the
case considered by us, we assume that the function K (z)
was derived in the approximation of non-interacting
phonons. This means that in the considerations we omit
the self-energy of the phonon propagator.
We have taken into account two values of Coulomb
pseudopotential: µ⋆ = 0.1 and 0.2. From the physical
side, µ⋆ models the depairing electron correlations in the
easiest way possible (i.e. parametric) [26]. θ denotes
the Heaviside function. The cut-off frequency is equal
to ωc = 5Ωmax, where Ωmax is the maximum phonon
frequency. The choice of the cut-off frequency is to some
extent arbitrary. By default, it is assumed that ωc ∈
(3Ωmax, 10Ωmax) [23]. Hence, the critical temperature
value obtained should always be given together with the
value of µ⋆ and ωc.
The Eliashberg equations on the imaginary axis have
been solved for M = 1100 Matsubara frequencies in the
range of temperature from T0 = 2.25 K to TC . Of course,
going down below the temperature T0 is technically pos-
sible. However, it would require the significant increase
in the value of M , which is not necessary from the phys-
ical point of view, because in the low temperature range,
the order parameter becomes saturated. Performing cal-
culations we have used the numerical methods tested in
the papers [27–31].
In the imaginary axis formalism, it can be assumed
with the good approximation that the maximum value
of the order parameter ∆n=1 corresponds to the physical
value of the order parameter. In contrast, the maximum
value of the wave function renormalization factor (Zn=1)
determines the ratio of the effective mass of the electron
(m⋆e) to the electron band mass (me). The above quanti-
ties can be very precisely calculated in the framework of
the real axis formalism. In the presented work, the tran-
sition to the real axis was carried out using the Eliashberg
equations in the mixed representation [25]:
ϕ (ω) = (3)
pi
β
M∑
m=−M
[K (ω − iωm)− µ
⋆ (ωm)]
ϕm√
ω2mZ
2
m + ϕ
2
m
+ ipi
∫ +∞
0
dω
′
α2F
(
ω
′
)[ [
fBE
(
ω
′
)
+ fFD
(
ω
′
− ω
)]
×
ϕ
(
ω − ω
′
)
√
(ω − ω′)
2
Z2 (ω − ω′)− ϕ2 (ω − ω′)
]
+ ipi
∫ +∞
0
dω
′
α2F
(
ω
′
)[ [
fBE
(
ω
′
)
+ fFD
(
ω
′
+ ω
)]
×
ϕ
(
ω + ω
′
)
√
(ω + ω′)
2
Z2 (ω + ω′)− ϕ2 (ω + ω′)
]
,
3and
Z (ω) = 1 (4)
+
i
ω
pi
β
M∑
m=−M
K (ω − iωm)
ωmZm√
ω2mZ
2
m + ϕ
2
m
+
ipi
ω
∫ +∞
0
dω
′
α2F
(
ω
′
)[ [
fBE
(
ω
′
)
+ fFD
(
ω
′
− ω
)]
×
(
ω − ω
′
)
Z
(
ω − ω
′
)
√
(ω − ω′)
2
Z2 (ω − ω′)− ϕ2 (ω − ω′)
]
+
ipi
ω
∫ +∞
0
dω
′
α2F
(
ω
′
)[ [
fBE
(
ω
′
)
+ fFD
(
ω
′
+ ω
)]
×
(
ω + ω
′
)
Z
(
ω + ω
′
)
√
(ω + ω′)
2
Z2 (ω + ω′)− ϕ2 (ω + ω′)
]
.
The symbols fBE (ω) and fFD (ω) are the Bose-Einstein
and Fermi-Dirac functions, respectively. The input pa-
rameters in equations (3) and (4) are also ϕn and Zn.
III. THE RESULTS
Fig. 1 presents the plot of temperature courses of the
order parameter. The physical values of the order pa-
rameter were calculated using the equation: ∆ (T ) =
Re [∆ (ω = ∆(T ))] [23]. In Fig. 1 (a) we have placed
sample values of the order parameter plotted on the com-
plex plane. The phase transition between the supercon-
ducting and normal state is of second order. However, the
obtained curves (∆ (T )) do not coincide with the results
predicted by the BCS mean-field model [32]. The result
obtained is due to the significant strong-coupling and re-
tardation effects, which are present in YB6 compound.
In the framework of the Eliashberg formalism those ef-
fects can be characterized with the help of critical tem-
perature to logarithmic frequency ratio (r = kBTC/ωln),
where ωln = exp
[
2
λ
∫ +∞
0
dω α
2F (ω)
ω
ln (ω)
]
= 6.8 meV
[23]. In the considered case, we have obtained r = 0.12
and r = 0.1, respectively for µ⋆ = 0.1 and µ⋆ = 0.2. In
the BCS limit it is necessary to adopt r = 0. Note that,
in principle, the entire thermodynamics of the supercon-
ducting state is determined by the form of the order pa-
rameter. This means that all thermodynamic parameters
of the superconducting phase induced in YB6 will be very
heavily modified by the strong-coupling and retardation
effects. Below we present the detailed analysis of the
problem raised.
In the first step, we set the critical temperature val-
ues. On the basis of the condition ∆ (TC) = 0 we have
obtained: [TC ]µ⋆=0.1 = 9.5 K and [TC ]µ⋆=0.2 = 7.9 K.
The critical temperature values can also be estimated by
using the McMillan or Allen-Dynes formulas [33, 34] (see
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FIG. 1: The influence of temperature on the order parame-
ter. The numerical data can be parameterized with the help
of the following formula: ∆ (T, µ⋆) = ∆(µ⋆)
√
1− (T/TC)
Γ,
where ∆ (µ⋆) = −3.4µ⋆ + 2.1 and Γ = 3.6 (blue lines). The
BCS theory predicts Γ = 3 [32] (green lines). Insertion (a)
presents the order parameter on the complex plane. Insertion
(b) the values of critical temperature calculated in the frame-
work of full Eliashberg formalism [23, 24], and with the help
of McMillan and Allen-Dynes formulas [33, 34].
the insertion (b) in Fig. 1). The relatively accurate re-
sults have been reproduced merely by the Allen-Dynes
expression.
The significant strong-coupling and retardation effects
in YB6 make the ratio of energy gap to critical temper-
ature (R∆ = 2∆(0)/kBTC) highly deviate from the uni-
versal constant at 3.53, which is predicted by the BCS
theory [18, 19]. In our case, we have: [R∆]µ⋆=0.1 = 4.48
and [R∆]µ⋆=0.2 = 4.35.
In Fig. 2, the values of the ratio of electron effective
mass to electron band mass as a function of temperature
have been presented (m⋆e/me = Re [[Z (T )]ω=0]). The
quantity m⋆e/me takes relatively high values due to the
strong-coupling and retardation effects. It is worth to
notice that, in the opposite to the order parameter, m⋆e/
me weakly depends on the temperature and the Coulomb
pseudopotential.
The thermodynamic critical field and the specific heat
were calculated on the basis of free energy difference be-
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FIG. 2: The influence of temperature on the ratio of elec-
tron effective mass to electron band mass. The numerical
data can be parameterized with the formula: m⋆e/me =
[Z (TC)− Z (µ
⋆)] (T/TC)
Γ + Z (µ⋆), where Z (TC) = 1 + λ
and Z (µ⋆) = 0.3µ⋆ + 2.2 (blue lines).
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FIG. 3: The dependence of free energy difference (lower panel)
and thermodynamic critical field (upper panel) on the tem-
perature.
tween the superconducting and normal state [35]:
∆F/ρ (0) = −
2pi
β
M∑
n=1
[
√
ω2n + (∆n)
2
− |ωn|] (5)
× [Z(S)n − Z
(N)
n
|ωn|√
ω2n + (∆n)
2
],
where ZSn and Z
N
n denote the wave function renormal-
ization factor for the superconducting state (S) and the
normal state (N), respectively. The symbol ρ(0) repre-
sents the electron density of states at the Fermi level.
The thermodynamic critical field connects with the free
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FIG. 4: The specific heat of superconducting state and normal
state as a function of temperature. The vertical lines indicate
the values of critical temperature.
energy difference in the following way:
HC√
ρ (0)
=
√
−8pi [∆F/ρ (0)]. (6)
In order to determine the specific heat difference between
the superconducting state (CS) and the normal state
(CN ), it is necessary to use the formula:
∆C (T )
kBρ (0)
= −
1
β
d2 [∆F/ρ (0)]
d (kBT )
2 , (7)
where CN = γT , and γ = 23pi
2k2Bρ(0) (1 + λ).
The results have been presented in Fig. 3 and Fig.
4. Attention has been drawn to the fact that the
increase in the value of µ⋆, which is inversely corre-
lated with the magnitude of strong-coupling and re-
tardation effects, causes the significant decrease in the
value of free energy ([∆F (0)]µ⋆=0.1 / [∆F (0)]µ⋆=0.2 =
1.55). Of course, it translates in the direct way to
the comparatively large drop in the value of thermody-
namic critical field and specific heat jump at the critical
temperature ([HC (0)]µ⋆=0.1 / [HC (0)]µ⋆=0.2 = 1.24 and
[∆C (TC)]µ⋆=0.1 / [∆C (TC)]µ⋆=0.2 = 1.24).
The determined thermodynamic functions allowed
us to calculate the dimensionless ratios: RC =
∆C (TC) /C
N (TC) and RH = TCC
N (TC) /H
2
C (0). It
turns out that the obtained results, due to the significant
strong-coupling and retardation effects, very clearly dif-
fer from the predictions of BCS model (RC = 1.43 and
RH = 0.168) [18, 19]. In particular, we have obtained
RC ∈ {2.62, 2.55} and RH ∈ {0.146, 0.157}, respectively
for µ⋆ = 0.1 and µ⋆ = 0.2.
IV. SUMMARY
The superconducting state in YB6 compound char-
acterizes with the relatively low value of critical tem-
5perature TC ∼ 7.9-9.5 K. Despite this, its thermody-
namic properties visibly deviate from the predictions of
BCS model. The fact above is related to the strong-
coupling and retardation effects present in yttrium hex-
aboride (r ∼ 0.1). Note that the deviations of ther-
modynamic parameters from the results of BCS theory
can be observed in the best way by calculating the di-
mensionless ratios: R∆, RC , and RH . The analysis
carried out allowed to obtain: R∆ (µ
⋆) ∈ {4.48, 4.35},
RC (µ
⋆) ∈ {2.62, 2.55}, and RH (µ
⋆) ∈ {0.146, 0.157},
in respect to the Coulomb pseudopotential equal to 0.1
and 0.2. On the other hand, the BCS theory predicts:
R∆ = 3.53, RC = 1.43, and RH = 0.168.
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